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Hierarchy of inequalities for quantitative duality
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We derive different relations quantifying duality in a generic two-way interferometer. These re-
lations set different upper bounds to the visibility V of the fringes measured at the output port of
the interferometer. A hierarchy of inequalities is presented which exhibits the influence of the avail-
ability to the experimenter of different sources of which-way information contributing to the total
distinguishability D of the ways. For mixed states and unbalanced interferometers an inequality is
derived, V2+Ξ2 ≤ 1, which can be more stringent than the one associated with the distinguishability
(V2 +D2 ≤ 1).
PACS numbers: 03.65.Ta, 03.67.Mn, 07.60.Ly
I. INTRODUCTION
The principle of complementarity is one of the mayor
cornerstones of Quantum Mechanics [1]. The implica-
tions of this principle continue to nurture debates in
quantum theory [2]. A new inequality has been intro-
duced [3, 4, 5] that quantifies the notion of duality in
the context of two-way interferometers. This inequal-
ity has attracted great interest both theoretically [6, 7]
and experimentally [8, 9, 10]. The inequality establishes
an upper bound to the fringe visibility V displayed by
a two-level system (the “quanton”) at the output port
of a two-way interferometer. This bound is given by the
distinguishability D, i.e., the maximum amount of which-
way information (WWI) that can be potentially available
to the experimenter [5]; namely,
V2 ≤ 1−D2. (1)
However, two different sources of WWI contributes to
D. One is the a-priori WWI given by the predictability P
of the ways, i.e., the a priori which-way knowledge that
the experimenter has about the ways stemming from the
preparation of the beam splitter (BS) and the initial state
of the quanton. P is a measure of WWI on its own. In
fact, it satisfies the inequality [3, 5]
V2 ≤ 1− P2. (2)
In addition, the experimenter may place a quantummem-
ory system to interact with the quanton in order to ac-
quire extra WWI, i.e., to serve as a which-way marker
(WWM). Thus, the second source of WWI stems from
the WWM’s ability to correlate its final states with the
two ways, leading to the storage of some WWI. A mea-
sure of the quantum “quality” Q of the WWM has been
introduced in [11]. We will show that this quantity also
obeys an inequality of the same type, i.e.,
V2 ≤ 1−Q2. (3)
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FIG. 1: Schematic two-way interferometer setup composed of
a beam splitter (BS), a quantum which-way marker (WWM),
a phase shifter (PS), and a beam merger (BM). (a) The WWM
is characterized by unitary U± evolution. (b) Quantized BS:
in this general case the same physical interaction is used for
both splitting the beam and marking the way.
Moreover, the final visibility is limited by the availabil-
ity of both kinds of WWI by the inequality
V2 ≤ (1− P2) (1−Q2) . (4)
Equation (4) has been derived in [11] for the special
case of unitary WWM evolution [Fig.1(a)]. Here we will
prove it for a generic two-way interferometer, i.e., the
general case where WWM evolution can be non unitary,
so quantum optical Ramsey interferometers [12] can also
be analyzed [Fig.1(b)]. Then, we show that for two-level
WWM systems Eq. (4) can be more stringent than Eq.
(1).
This scheme sets the organization of the paper. First
we describe in Sec. II the formalism for generic two-way
interferometers with non-unitary WWM. Section III is
devoted to the derivation of Eqs. (3) and (4). In Sec.
IV Eq. (4) is interpreted as an inequality quantifying
duality. Here we also prove the stringency statement. In
Sec. V the results are illustrated with the help of a sim-
ple example: the symmetric quantum-detecton system (a
particular quantum logic gate). Finally we end up with
conclusion and a summary of the results.
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2II. NONUNITARY WWM
Let us consider the generic two-way interferometer
plotted in Fig.1(b). Following the notation of [11] the
quanton is prepared initially in the state
ρ
(0)
Q =
1
2
(
1 + s
(0)
Q · σ
)
, (5)
where σ = (σx, σy, σz) are the usual Pauli spin operators,
and s
(0)
Q = (0, 0, s) is the polarization vector of the state,
characterized by the inversion s ∈ (−1, 1). We now con-
sider the most general case and include BS and WWM
action into the same global action characterized by the
operator U . The combined quanton-WWM system is ini-
tially prepared in the state ρ(0) = ρ
(0)
Q ⊗ρ(0)D , where ρ(0)D is
an arbitrary initial state of the WWM. After interaction
between the quanton and WWM, the evolution of the
entire system is given by the unitary map ρ → U † ρU .
We follow Englert’s notation [13] and write the general
evolution operator in the quanton σz base as
U =
1√
2
(
V++ V+−
−V−+ V−−
)
, (6)
with the matrix elements acting exclusively on the
WWM. These four operators are not necessarily unitary,
though they are restricted by the unitarity of U . Note
that the particular case V++ = V−+ = U+, V+− = V−− =
U−, with U±U
†
± = U
†
±U± = I brings us back to the uni-
tary case of Fig.1(a) studied in [11]. Thus, the results
of this paper cover both situations schematized in Figs.
1a-b.
Now is the turn of the phase shifter (PS), that effects
the transition
ρQ → exp
(
−iφ
2
σz
)
ρQ exp
(
i
φ
2
σz
)
, (7)
and subsequently the beam merger (BM)
ρQ → exp
(
−ipi
4
σy
)
ρQ exp
(
i
pi
4
σy
)
. (8)
Combining transformations (6), (7) and (8), the general
final state [14] at the output port of the interferometer
given in Fig.1(b) is
ρ(f) =
1 + s
2
ρ
(f)
↑ +
1− s
2
ρ
(f)
↓ , (9)
where
ρ
(f)
↑ =
(1+σx)
4 V
†
++ρ
(0)
D V++ +
(1−σx)
4 V
†
+−ρ
(0)
D V+−
+
(−σz+iσy)
4 V
†
++ρ
(0)
D V+− e
−iφ
− (σz+iσy)4 V †+−ρ
(0)
D V++ e
iφ , (10)
and ρ
(f)
↓ can be obtained from the above equation
through the replacements
V++ → −V−+; V+− → V−− . (11)
After tracing over the WWM’s degrees of freedom, the
final state of the quanton can be expressed in terms of a
Bloch vector σ(f) with components
S
(f)
Qx = w+ − w− ,
S
(f)
Qz = −
1 + s
2
ℜe [C↑e−iφ]− 1− s
2
ℜe [C↓e−iφ] ,
S
(f)
Qz + iS
(f)
Qy = − e−iφC, (12)
where
w± = tr
{
1± σx
2
ρ(f)
}
, (13)
w++w− = 1, are the probabilities for taking the two al-
ternative ways at the central stage of the interferometer,
and
C = 1+ s
2
C↑ + 1− s
2
C↓, (14)
with
C↑ ≡ trD
{
V †++ρ
(0)
D V+−
}
=
〈
V+−V
†
++
〉
0
,
C↓ ≡ −trD
{
V †−+ρ
(0)
D V−−
}
= −
〈
V−−V
†
−+
〉
0
. (15)
Inserting Eq. (9) into Eq. (13) the transition proba-
bilities are calculated to be
w+ =
1 + s
4
〈
V++V
†
++
〉
0
+
1− s
4
〈
V−+V
†
−+
〉
0
,
w− =
1 + s
4
〈
V+−V
†
+−
〉
0
+
1− s
4
〈
V−−V
†
−−
〉
0
.(16)
The mean value of their difference is the predictability of
the ways, i.e.,
P = |w+ − w−|. (17)
P is a-priori WWI. The x component of the Bloch vector
given in (12) represents a priori WWI. The other com-
ponents give information about complementary wavelike
aspects of the quanton. In order to see this, let us focus
on the output port of the interferometer. The probabil-
ity of measuring the upper or lower state of the quanton,
after many repetitions of the experiments, displays an
interference pattern versus variation of the phase in the
PS. The visibility of the fringes can be rapidly calculated
with the help of (12) to yield
V =| C |≤ 1. (18)
C is therefore a contrast factor. Inserting Eqs. (18) and
(17) into Eq. (12), it is easy to check that the duality
relation given in Eq. (2) is also valid for non-unitary
WWM.
More stringent inequalities than (2) can be derived for
the system. Englert [13] derives the inequality given in
Eq. (1) for the distinguishability
D = trD{|w+ρ(+)D − w− ρ(−)D |}, (19)
3where
w+ρ
(+)
D = trQ
{
1 + σx
2
ρ(f)
}
=
1 + s
4
V †++ρ
o
DV++ +
1− s
4
V †−+ρ
o
DV−+,
w−ρ
(−)
D = trQ
{
1− σx
2
ρ(f)
}
=
1 + s
4
V †+−ρ
o
DV+− +
1− s
4
V †−−ρ
o
DV−−.(20)
ρ
(±)
D are the final states of the WWM associated with
a measure of the σz = ±1 way [15]. These states are
normalized, so ρ
(f)
D = trQ ρ
(f) = w+ρ
(+)
D +w−ρ
(−)
D is the
final state of the WWM provided no measure of the ways
is taken.
Two kinds of WWI are represented in D. One is the
predictability of the ways, given in (17). The other one
is given by the quantum “quality” of the WWM, i.e., its
ability to establish quantum correlations with the quan-
ton, leading to the storage of some WWI into the final
state of the WWM. In [11] the quality measure
Q = 1
2
trD{| ρ(+)D − ρ(−)D |} (21)
has been introduced. Q is a distance between the condi-
tional probabilities ρ
(+)
D and ρ
(−)
D in the trace-class norm.
Note that for balanced interferometers (P = 0), Q coin-
cides with D. Otherwise their value may substantially
differ. In both cases Q is a quantitative measure of the
WWM’s intrinsic ability to distinguish between the quan-
ton’s alternatives. For Q = 0 the marker cannot distin-
guish the ways at all. Conversely, full WWI can be stored
in the marker when Q = 1. The states ρ(±)D can be pre-
pared if we modify the interferometer such that the actual
way taken by the quanton is measured rather than the
fringe pattern. Thus, the value of Q can be experimen-
tally measured along the same lines described in [5, 9] for
measuring D.
III. MORE INEQUALITIES
In [11] we restricted the analysis for the particular case
of unitary matrix elements in (6), so (21) is a distance
between projectors. Here, we release this condition and
prove the validity of Eq. (4) in the general case.
The validity of Eq. (1) for nonunitary WWM has been
given by Englert in [13]. Following Englert, we separate
first both contributions on the right side of Eqs. (20) so
Q↑ = 1
4
trD
{∣∣∣∣∣V
†
++ρ
(0)
D V++
w+
− V
†
+−ρ
(0)
D V+−
w−
∣∣∣∣∣
}
, (22)
gives the value of the quality Q for the s = 1 case.
For the s = −1 case, Q↓ can be obtained from (22)
by taking the replacements (11). The triangle inequal-
ity tr {| X + Y |} ≤ tr {| X |}+ tr {| Y |} applied to (21)
yields
Q ≤ 1 + s
2
Q↑ + 1− s
2
Q↓. (23)
According to this notation and using (18), the duality
relation given in (4) can be written for the particular
cases s = 1 (↑) and s = −1 (↓) as
Q2↑↓ +
|C↑↓|2
1− P2 ≤ 1. (24)
Here, we prove the s = 1 case. The s = −1 case will
follow straightforwardly, once the replacements (11) are
taken. In order to do this, let us define the traceless
operator
Γ =
1
2
{ρ(+)D − ρ(−)D }, (25)
Its eigenvalues are of the form ±λ, so we can write
Q = 2|λ|. (26)
To calculate λ, we use the relation trD Γ
2 = 2λ2, and
4trD Γ
2 = trD{ρ(+)2D }+ trD{ρ(−)2D }
− trD{ρ(+)D ρ(−)D } − trD{ρ(+)D ρ(−)D }. (27)
We particularize for the WWM’s pure state preparation,
where we can work out explicitly the above four contri-
butions. In fact, each of the first two terms is unity, in
both the unitary and nonunitary cases. Next, we calcu-
late the cross terms in (27). From the definitions (20)
and (15) we have
trD{ρ(+)D ρ(−)D } =
| C↑ |2
4w+w−
= trD{ρ(−)D ρ(+)D }. (28)
Collecting terms, we obtain
2 trD Γ
2 = 1− | C↑ |
2
1− P2 , (29)
where the relation 1 − P2 = 4w+w− has been used. Fi-
nally, using (29), (26) and (11) we obtain the pure state
result
Q2↑↓ +
| C↑↓ |2
1− P2 = 1. (30)
Now consider the general case where we prepare the
WWM in a mixed state. Its spectral decomposition allow
us to write it as a combination of pure states for which
(30) can be applied; namely,
ρ
(0)
D =
N∑
k=1
Dk | dk〉〈dk |, (31)
4where
∑
kDk = 1 and 〈dk | dj〉 = δkj . Inserting (31) into
(22), and applying the triangular inequality we obtain
Q↑ ≤
∑
k
Dk Q↑k, (32)
where
Q↑k = trD
{∣∣∣∣∣V
†
++ | dk〉〈dk | V++
w+
− V
†
+− | dk〉〈dk | V+−
w−
∣∣∣∣∣
}
,
(33)
is the quality for pure state preparation and, thus, obeys
(30). Therefore, Eq. (32) can be written as
Q↑ ≤
∑
k
Dk
√
1− | C↑k |
2
1− P2 , (34)
where C↑k = 〈dk | V+−V †++ | dk〉. We can also calculate
C↑ in terms of pure state contributions. In fact, inserting
(31) into (15) one obtains C↑ =
∑
kDk C↑k. Combining
the two last summations, one gets
Q2↑ +
| C↑ |2
1− P2 ≤
∑
kj
DkDj
×
[√
1− | C↑k |
2
1 − P2
√
1− | C↑j |
2
1− P2 +
| C↑k || C↑j |
1− P2
]
.(35)
Let us have a closer look on the matrix term in square
brackets [ ]kj in the above equation. Its diagonal terms
satisfy [ ]kk = 1, as can be checked by inspection. In order
to prove that the non-diagonal terms are smaller than
unity, let us define the numbers θ2k = |C↑k|2/(1 − P2).
Equation (30) implies 0 ≤ θk ≤ 1, which are in turn
duality relations of the type of Eq. (2). In terms of θk,
we can write [ ]kj =
√
1− θ2k
√
1− θ2j + θkθj , which does
not exceed unity. The calculation of the upper bound of
(35) is now straightforward, namely,
Q2↑ +
| C↑ |2
1− P2 ≤
∑
kj
DkDj = 1, (36)
which completes the proof of the s = 1 case of Eq. (24).
Eq. (4) follows now directly from Eqs. (23) and (14).
Moreover, Eq. (3) follows from Eq. (4), since 1−P2 ≤ 1.
IV. THE VΞ UPPER BOUND
We define the symmetric quantity
Ξ =
√
Q2 + P2 −Q2P2. (37)
In terms of Ξ, Eq. (4) can be written as
V2 + Ξ2 ≤ 1. (38)
Notice the high degree of symmetry inherent in the
structure of Eq. (37). First, Ξ is bounded by Q and P .
Actually, as can be rapidly checked in Eq. (37), Ξ satis-
fies 0 ≤ Ξ ≤ 1, Ξ ≥ Q, Ξ ≥ P , Ξ ≥ Q P , so is equal or
greater than any of its two sources of WWI. This can be
understood since Ξ yields one kind of WWI, Q (or P),
when the other kind, P (or Q), vanishes. For instance,
for P = 0 we have D = Q = Ξ, i.e, for symmetric in-
terferometers the inequalities given in Eqs. (38) and (3)
reduces to the inequality given in Eq. (1).
Second, Ξ reaches unity when any of its arguments Q
(or P) does, independently of the value of the other ar-
gument P (or Q). In order to understand the importance
of this property we note that Eq. (37) equals Eq. (19) in
the case of pure state preparation (|s| = 1, trD ρ(0)2D = 1),
i.e.,
D2 = Ξ2 = P2 +Q2(1− P2). (39)
This can be shown by noting that in the pure-state case
Eq. (30) turns into
Ξ2 + V2 = 1 (40)
and, on the other hand, Eq. (1) is satisfied as an equality
[13]. Thus, for pure state preparation Ξ coincides with
D, i.e., the total distinguishability of the ways. Equation
(39) renders P and Q as two different contributions to
the distinguishability. The condition P = 1 (or Q =
1) exhausts the amount of WWI needed to specify the
actual path taken by the quanton, so D = 1 in each case,
with independence of the value of the additional source
of WWI.
Third, Ξ treats on equal footing both sources of WWI
since it is invariant under the permutation P ↔ Q. This
fact, together with Eq. (40), tells us that for pure state
preparation both sources of WWI stand on equal footing
concerning wave-particle duality (WPD) degradation of
fringe visibility.
Finally, Eq. (38) yields the following conditions
V = 1 ⇒ Ξ = P = Q = 0,
P = 1 ⇒ Ξ = 1,V = 0,
Q = 1 ⇒ Ξ = 1,V = 0,
Ξ = 1 ⇒ V = 0. (41)
as demanded by duality. Thus, Eq. (38), like Eq. (1), is
an inequality quantifying WPD. It devolves the extreme
situations of Eqs. (41) showing that perfect fringe visi-
bility and the acquisition of full path knowledge on any
source of WWI are mutually exclusive. Intermediate situ-
ations of partial fringe visibility and partial WWI on each
source are also contemplated in Eq. (38). Both equations
(38) and (1) give quantitative statements about duality.
Specifically, Eq. (38) allows one to trace the loss of coher-
ence in asymmetric interferometers to the two reservoirs
of WWI represented by P and Q.
Now, the main result of the paper. We prove that there
exists a wide class of systems where
V2 ≤ 1− Ξ2 ≤ 1−D2, (42)
5i.e., Eq. (4) (left-hand inequality above) can be more
stringent than Eq. (1). In order to do so, we restrict
ourselves to a generic two-level WWM [N = 2 in Eq.
(31)] and prove the inequality χ ≡ D2/Ξ2 ≤ 1, which
is equivalent to the right hand side of (42). We use the
relationD = Max {P ,R}, withR2 = 2 trD{∆}2−P2 and
∆ ≡ ω+ρ+D−ω−ρ−D, which can be verified for N = 2. For
P ≥ R, χ ≤ 1 follows trivially. For P < R we compute
explicitly both D and Q by diagonalizing Eqs. (19) and
(21), respectively, along the same lines as used in the
derivation of Eq. (30). After a rather lengthy calculation
the result simplifies remarkably to the expression
χ = 1− 4D1D2P
2
Ξ2
≤ 1, (43)
where we have taken for simplicity |s| = 1 and w±12 =
w∗±21 = 0, w±ij being the matrix elements of the opera-
tors involved in Eq. (16).
Equation (42) defines two different upper bounds to
the visibility, namely,
VD =
√
1−D2, (44)
VΞ =
√
1− Ξ2. (45)
In terms of these bounds, Eqs. (1) and (38) can be rewrit-
ten as
V ≤ VD, (46)
V ≤ VΞ, (47)
and Eq. (42) as
V ≤ VΞ ≤ VD. (48)
Note that Eq. (46) does not saturate for mixed state
preparation, so it is possible to find a stricter inequality.
In fact, this is what has been accomplished in Eq. (48).
Yet Eq. (47) does not saturate for mixed-state prepara-
tion [16], so stricter inequalities could eventually still be
found.
V. AN EXAMPLE: THE SYMMETRIC
DETECTON-QUANTON SYSTEM
In order to illustrate the formalism, we particularize
it in this section to a concrete example: the symmetric
quanton-detecton system (SQDS) [11]. The SQDS is rep-
resented in Fig. 2. The system is basically a quantum
logic gate in which each qubit (quanton and detecton)
plays the role of which-way marker of the other. The
conditional dynamics is achieved at the common phase
shifter. The detecton phase shifter depends on the ±
alternative ways of the quanton in the form
U±PS = exp
(
± i
2
Φ σDz
)
, (49)
BMBS
B
M
B
S
PS
PS
FIG. 2: Schematic setup for the SQDS, showing the intrinsic
symmetry between quanton and detecton.
where Φ is an entangling phase and σDz is the usual z
component of the Pauli matrices for the detecton.
On the other hand, the SQDS can be regarded as a
pair of two-way interferometers coupled at their central
stages by a dispersive interaction, trying to acquire WWI
about each other. The detecton, like the quanton itself, is
a two-way interferometer, likewise describable by a pre-
dictability PD and a fringe visibility VoD satisfying
P2D + Vo2D = |s(0)D |2 ≤ 1, (50)
where s
(0)
D is the Bloch vector describing the initial state
of the detecton. We take the quanton prepared initially
in a pure state so
P2Q + Vo2Q = 1. (51)
The “quality” of the WWM is given in this model sim-
ply by
QD = VoD | sinΦ|. (52)
QD characterizes “how good” the WWM is to establish
quantum correlations leading to the acquisition of WWI
about the quanton. Thus, the dependence of Eq. (52)
on the entangling phase can be understood. The depen-
dence on VoD is also important. As discussed in [11], as
the detecton acquires WWI about the quanton it also
degrades its own fringe visibility. This is due to the sym-
metric design of the SQDS, for which each qubit is the
WWM of the other. According to duality in this recipro-
cal system, both qubits acquire WWI about each other
and both degrade their visibility. Thus, the initial visibil-
ities for quanton and detecton systems previous to their
interaction act as limiting factors of their subsequent mu-
tual transfer of WWI.
Now, we compute Ξ for the quanton, i.e.,
Ξ2Q = P2Q +Q2D(1− P2Q). (53)
The distinguishability D of the ways is given in Eq.
(50) of [11] as
DQ = Max {PQ,RQ} , (54)
6FIG. 3: Difference ∆ between the squares of the upper bounds
of the visibility as a function of the norm of the Bloch vector
|s
(0)
D | and the quanton predictability PQ. The plot is taken
for a balanced detecton PD = 0 coupled maximally to the
quanton (Q = |s
(0)
D |).
where
R2Q = P2Q|soD|2 +Q2D
(
1− P2Q
)
. (55)
As can be seen from Eqs. (53) and (54), Ξ equals D in
the six cases where Q or PQ or |s(0)D | reach their extreme
values 0 or 1. In between, the visibility limit VΞ is always
lesser than VD. In order to show this, we define the
deviation ∆ = V2D − V2Ξ. Inserting Eqs. (54) and (53)
into Eqs. (44) and (45), respectively, ∆ can be written
as
∆ = { Q2(1− P2Q) PQ > RQ,P2Q (1− |soD|2) PQ ≤ RQ. (56)
Thus ∆ ≥ 0 and VΞ ≤ VD. In fact, as shown in the
Appendix, Eqs. (56) coincide with Eq. (43).
∆ is plotted in Fig. 3 as a function of |s(0)D | and PQ
for maximal coupling (sinΦ = 1). We take for simplicity
a balanced detecton (PD = 0) so, according to Eqs. (50)
and (52), Q = |s(0)D |. As can be seen in the plot ∆ =
0 for pure-state preparation (|s(0)D | = 1), since in this
limit Ξ always equals D. The opposite limit of a totally
unpolarized detecton (|s(0)D | = 0) leads to the limit of
“bad” WWM (Q = 0) and Ξ = D since both quantities
equal PQ. Conversely, for PQ = 0 we have Ξ = D since
both quantities equal Q. This reciprocity stems from
the symmetric structure of the right-hand side of Eq.
(53) which yields PQ (Q) when Q (PQ) vanish. Thus,
there is only deviation ∆ 6= 0 for unbalanced quanton
interferometers (PQ 6= 0) and mixed state preparation.
Finally, PQ = 1 gives Ξ = D = 1 and the interference
fringes are totally degraded so ∆ = 0. In between, ∆ can
increase up to 0.25 for PQ = Q = |s(0)D | = 0.7.
0.7 0.8 0.9 1
sD
o
0
0.25
0.5
VQ
2
V
X
2
V
D
2
FIG. 4: V2D (solid line), V
2
Ξ (dot-dashed line), and V
2
Q (thin
dashed line) as a function of the detecton’s initial purity |s
(0)
D |.
The plot is taken for Vo2D = P
2
Q = 0.5 and a maximum entan-
gling phase Φ = pi/2.
We have proved the right hand side of Eq. (48). Now
we check the left-hand side. The quanton visibility is
given in Eq. (57) of [11] as
VQ = VoQ
√
cos2 Φ+ P2D sin2Φ. (57)
Squaring and summing the above equation with Eq. (52)
we have
Q2D +
V2Q
Vo2Q
= |soD|2 sin2Φ+ cos2Φ ≤ 1, (58)
Now multiply Eq. (58) by (1 − P2Q) and simplify using
Eqs. (51) and (53). We obtain
V2Q + Ξ2Q ≤ 1, (59)
as we wanted to show.
This simple system illustrates different scenarios for
Eq. (48). First take PD = 0. Then, according to Eqs.
(50) and (52), QD is proportional to the initial purity of
the WWM given by the length of its Bloch vector, while
VQ/VoQ depends only on the entangling phase. Lowering
the initial purity of the WWM degrades the WWM’s abil-
ity to store WWI about the quanton. This action keeps
VQ unchanged but lowers both DQ and ΞQ. Moreover,
DQ is lowered more than ΞQ, as can be seen by compar-
ison of Eqs. (53) and (55), which yields V ≤ VΞ ≤ VD.
Now take VoD constant and PD 6= 0, so degrading the pu-
rity corresponds to lowering PD. In this case, this action
keeps QD unchanged, but degrades VQ/VoQ. Since QD
and PQ stay constant ΞQ remains invariant, as can be
seen from Eq. (53). However, DQ degrades for RQ ≥ PQ
since its value depends in this case explicitly on the value
of the WWM’s purity, as can be seen from Eq. (55). The
condition V ≤ VΞ ≤ VD is recovered, as can be seen in
Fig. 4. Again, a maximum value of ∆ = V2D −V2Ξ = 0.25
can be obtained as in the previous case of the balanced
detecton situation.
7VI. CONCLUSION
V2 + Ξ2 ≤ 1, like Eq. (1), is an inequality quantifying
duality. Like Eq. (1), it devolves the same extreme cases
given in Eqs. (41) which constitutes the usual statements
about duality, i.e., concerning full WWI and no fringe
visibility (particlelike aspects), or perfect fringe visibility
and no WWI (wavelike aspects). In addition, both in-
equalities also quantify intermediate situations (not spec-
ified by the duality principle) where only partial WWI
and partial fringe visibility are possible. In these situ-
ations the two inequalities yields two upper bounds for
the visibility VΞ and VD. For balanced interferometers
(P = 0) VΞ = VD, since in this case Ξ = Q = D. For
pure states, we also find that both visibility bounds co-
incide. However, for mixed states and unbalanced inter-
ferometers we obtain a remarkable result. We find that
the visibility bound VΞ can be lower than VD. Thus,
V2 + Ξ2 ≤ 1 can be more stringent than V2 +D2 ≤ 1.
Note that D is the largest possible value of the different
knowledge KW associated with a concrete betting strat-
egy [5, 9]. Thus, VD in Eq. (46) is just the lowest upper
bound to the visibility from all the bounds
√
1−K2W as-
sociated with different measurement choices of WWM’s
observables W . On the other hand, since V ≤ VD does
not saturate for mixed-state preparation, lower minima
such as VΞ can still be found. The bound VΞ is not asso-
ciated in general with the betting strategy mentioned be-
fore. Nevertheless, like VD, VΞ is a manifestation of the
quantum correlations established between the quanton
and the WWM, derived through the algebraic properties
of their Hilbert space.
We have particularized the results to a concrete ex-
ample: the symmetric quanton-detecton system, which
illustrates the different quantities introduced in the for-
malism. The inequalities V ≤ VΞ ≤ VD are shown to
hold for this particular system. Actually, the difference
between the visibility limits V2Ξ and V2D in this system is
significant and can reach a value of 0.25.
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APPENDIX
Here we show the connection between Eqs. (56) and
the more general expression given in Eq. (43). In order
to do that, consider the mixed state
ρ0D = D1| ↑〉〈↑ |+D2| ↓〉〈↓ |, (A.1)
where
D1,2 =
1
2
(1 ± S0Dz), (A.2)
and {| ↑〉, | ↓〉} are the usual eigenvectors of σDz . The
quantity χ = D2/Ξ2 can be written in terms of ∆ as
χ = 1− ∆
Ξ2
. (A.3)
With the help of the three previous equations, Eqs. (56)
can be written
χ = { P2Q/Ξ2 PQ > RQ,
1− (4D1D2P2Q/Ξ2) PQ ≤ RQ.
(A.4)
which coincides with Eq. (43).
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